). Associated to (W, S) there is a certain contractible simplicial complex E, defined below, on which W" acts properly and cocompactly. In this paper we compute the cohomology with compact supports of E (that is, we compute the "cohomology at infinity" of E). As consequences, given a torsion-free subgroup F of finite index in W, we get a formula for the cohomology of F with group ring coefficients, as well as a simple necessary and sufficient condition for F to be a Poincar6 duality group.
Given a subset T of S denote by War the subgroup generated by T. (If T is the empty set, then War is the trivial subgroup.) Denote by 6ef the set of those subsets T of S such that War is finite; 6 ef is partially ordered by inclusion. Let w6ef denote the set of all cosets of the form w War, with w W and T 6ef. w6ef is also partially ordered by inclusion.
The simplicial complex E is defined to be the geometric realization of the poset WS/'f. The geometric realization of the poset 6ef will be denoted by K.
For each s in S, let 6el be the subposet consisting of those T ,af-such that s T and let Ks be its geometric realization. So, Ks is a subcomplex of K. (K is called a chamber of E and Ks is a mirror of K.) For any nonempty subset T of S, set K is a contractible finite complex; it is homeomorphic to the cone on Ks. For each w W, set S(w) Sle(ws) <
T(w) S-S(w),
where g(w) is the minimum length of word in S which represents w. Thus, S(w) is the set of elements of S in which a word of minimum length for w can end. We will use 1-I to denote a direct product and for a direct sum. THEOREM A. H(E) g ) H*(K, KT (W) The poset 6e>f, consisting of those T in 6ef other than the empty set, is isomorphic to the poset of simplices in a simplicial complex. We denote this simplicial complex by L (or L (W, S) ). Thus, the vertex set of L is S and a subset of T of S spans a simplex if and only if T 6e>f.
The space X can be cellulated so that the link of each vertex is L (e.g., see [D3] , [M] , or Section 6 of [CD] ). Thus, X is a polyhedral homology n-manifold if and only if L is a "generalized homology (n-1)-sphere" in the sense that it is a homology (n-1)-manifold with the same homology as Sn-1. Moreover, it is proved in [D1] that if L is a generalized homology (n-1)-sphere, then the singularities of Z can be resolved to get a contractible manifold X with a proper cocompact W-action Denote by V(L) the vertex set of L and by P(L) the set of simplices in L together with the empty set. P(L) is partially ordered by inclusion. Throughout this section, we shall identify any simplex in L with its vertex set. Thus, given a subset T of V(L), T P(L) if and only if T spans a simplex in L or T .
Let P be any poset. Given p P, set P<p {x, PIx < p}. The subposets P>p, P<p and P>p are similarly defined. P is an abstract simplicial complex if it is isomorphic to P(L)> for some simplicial complex L; L is called the realization of P.
For any T P(L), the poset P(L)>r is an abstract simplicial complex; its realization is denoted Lk(T,L) and is called the link of T in L. (If T , then Lk(T, L) L.) In fact, Lk(T, L) can be identified with the subcomplex of L consisting of all simplices T such that T c T-and T w T spans a simplex in L (this simplex is called the join of T' and T).
The derived complex of a poset P, denoted by P', is the set of all finite chains in P, partially ordered by inclusion. It is an abstract simplicial complex. The oeometric realization of P, denoted geom(P), is defined to be the realization of P'.
Given a simplicial complex L, we define another simplicial complex K and a subcomplex cgK by
Then dK is isomorphic to the barycentric subdivision of L, and K is the cone on cOK (the empty set provides the cone point). For any T P(L), define subcomplexes KT and dKT of K by
KT is called the dual face to T; it is isomorphic to the cone on COKT, and g3KT is isomorphic to the barycentric subdivision of Lk(T, L). 
is an isomorphism. Since C(Z) is the direct limit of the C*(Z, Xn) as n --* , the theorem follows.
Since Z0 Z, statement (1) holds trivially for n O. So, suppose n > 1 and that (1) holds for n-1. Consider the triple (Z,Z,_l,X,). We have a short exact sequence, By part (i) of Lemma 4.1, the map Pw" C*(K, Kr(w)) C*(Z,Yn) splits 2. 5. Generalized homology spheres. In the first part of this section we return to the general situation of 2: L is any simplicial complex, and K geom (P(L)). Since t3Kr is the barycentric subdivision of Lk(T,L), it is obvious that (K, t3K) is a generalized homology n-disk if and only if L is a generalized homology (n-1)-sphere.
Here is a third variation of this condition. Given an integer n > 0 and a commutative ring R, we say that (K, t3K) satisfies hD(n; R) if the following condition holds:
hD(n; R): In other words, for each T P(L)>, (t3K, K v(r')-T) has the same homology as (sn-l,Dn-1), while for T , t3K has the same homology as Sn-1.
LEMMA 5.1. Let L be a simplicial complex and let K geom(P(L)). The followin# statements are equivalent:
(i) L is a #eneralized homolo#y (n-1)-sphere over R; (ii) (K, t3K) is a #eneralized homology n-disk over R; (iii) (K, t3K) satisfies hD(n; R). Proof. As was previously observed, (i) and (ii) are equivalent. We first show that (iii)=(ii). So, suppose (K, dK) satisfies hD(n;R). We must show that (KT, t3KT) has the same homology as (Dn-k, sn-k-1), where k Card(T). Kv(L)(= t3K) has the same homology as Sn-, and K V(t')-{v} is acyclic, (g, t3g) has the same homology as (Dn-l, sn-2). Thus, (, t3) satisfies hD(n-1; R).
Next suppose that T is the vertex set of an arbitrary simplex in L and that Card(T)= k. We may suppose by induction that (Kr,,Kr,) satisfies hD(n-k';R) for all T' P(L) with k'= Card(T') and k' < k. Let T' be the vertex set of a codimension-one face of the simplex spanned by T so that T (v} u T' (i.e., T is the join of v and T). There is a natural identification Lk(T,L) Lk(v, Lk(T',L)). Then hD(n-k-1; R) holds for (Kr,, t3Kr,) by inductive hypothesis and hence, for Lk(T, L) by the argument in the preceding paragraph. In particular, (Kr, t3Kr) has the same homology as (Dn-k,sn-k-) and therefore, (K, t3K) is a generalized homology n-disk.
Finally, we need to see that (i) = (iii). Suppose that L is a generalized homology (n-1)-sphere and that T P(L). If T , then K v(r) (= t3K) has the same homology as Sn-1. If T , then K r is a regular neighborhood of the simplex T in the barycentric subdivision of L; hence, K r is contractible. Since L is a polyhedral homology (n-1)-manifold, K r is a homology (n-1)-manifold with boundary, its boundary being K T K V(L)-T. By Poincar6 duality, (KT, KTc K v(L)-T) has the same homology as (on-X,sn-2). Hence Proof. Since W acts on M by isometries, the fixed-point set of each s in S must be a totally geodesic submanifold of M. By the previous corollary, this submanifold must be of codimension one. But symmetric spaces of noncompact type do not contain totally geodesic submanifolds of codimenion one unless each irreducible factor is IR or a real hyperbolic space. is a Cohen-Macaulay complex of dimension (n-1), then W is a virtual duality group of dimension n.
6. The reflection group trick. Suppose we are given the following data:
(1) a CW-complex X, a group n, and an epimorphism (p rl(X) -, n; (2) a Coxeter system (W, S) with associated simplicial complex L; and (3) a continuous map f-L --, X. Replacing f by a cellular approximation and X by the mapping cylinder of f, we can assume that L is a subcomplex of X and that f is the inclusion.
One can construct a W-space f from these data in exactly the same manner as Z is constructed from K. Thus, f-(W x X)/,-,, where the equivalence relation is defined as follows: for each s S, let Xs denote the closed star of s in the barycentric subdivision of L, and for each x X, let S(x) be the set of s such that x belongs to Xs; then (w,x),-, (w',x') if and only if x x' and w-lw . l/V_s(x). (iii) C,(fl) provides the desired free resolution of Z over zr'.
(iv) If x is aspherical and rl(X)= r, then is contractible (by [D1] ) and BF /F, which is a finite complex.
The proofs of Theorem 4.2 and Corollary 4.4 go through to give the following. (ii) for any suboroup F offinite index in G,/-/*(F; F) =/-/(n).
Remark 6.6. We call the above construction the "reflection group trick." It has been used in the following context. Start with a finite asphcrical complex Y with fundamental group zr. Then thicken Y to a compact manifold with boundary X (e.g., embed Y in Euclidean space and let X be its regular neighborhood).
Take (" rx (X) r to be the identity. Let L be a (sufficiently fine) triangulation of X, and let (W, S) bc a Coxcter system with associated simplicial complex L. Finally, let F' be a torsion-free subgroup of finite index in W. Then fl/F' is a closed manifold. It is asphcrical since its universal cover fl is contractible (by Theorem 6.4(i)). The natural retraction fl X descends to a retraction fl/F' -X. Thus, F r (/F') retracts onto r. This reflection group trick was introduced by Thurston in the context of hyperbolic 3-manifolds. In the above generality it was explained in Remark 15.9 of [D1] . It can be-used to constuct examples of closed aspherical manifolds with fundamental groups having various interesting properties. The idea is to start with a group n such that (a) Br is homotopy equivalent to a finite complex Y and (b) n has some property which also holds for any group which retracts onto it. The reflection group trick then yields f/F', the fundamental group of which retracts onto rr. For example, this idea is used in [Me] As in the previous remark, thicken to a compact n-manifold with boundary X (we can take X to be 4-dimensional) and apply the reflection group trick. Let F F > rr be a torsion-free subgroup of finite index in G as in the proof of Theorem 6.4(ii). Since f is an acyclic manifold, i=n Hic(6)= 0; ivan, so F is a Poincar6 duality group of dimension n. Since rr is a retract of F, and n cannot be finitely presented, neither can F (see Lemma 1.3 in [W] ). This example proves Theorem C.
We turn now to the question of finding necessary and sufficient conditions for G to be a virtual Poincar6 duality group. Definition 6.8. Suppose that A is a finite CW complex, that B is a subcomplex, that rr is a group, and that (" n (A) r is an epimorphism. Then any Zn-module gives a local coefficient system on A. We say that (A, B) [DH] .) Conversely, suppose that G is a virtual Poincar6 duality group. Then Hic() 0 for n and H() Z. As in the proof of Theorem 5.5, Theorem 6.5 implies that there is a subset of g such that f is a singleton. Since generates a finite subgroup so does its image T in W. Suppose T :# 5. Then W splits as a nontrivial direct product and L L0 L where L is a simplex. Since this implies that L is simply connected, and since r is nontrivial, L has many components, each of which would contribute to H'(f), con_tradicting_ t_he assumption that it is 7z. Therefore, T and are empty, and Hcn() H'(X, L). So, Lemma 6.9 implies that (X, L) is an n-dimensional Poincar6 pair. Moreover, the argument of Lemma 5.1 shows that L (and hence L) is an (n-1)-dimensional homology manifold.
[ Suppose we want to use the reflection group trick to construct an example of a finitely presented Poincar6 duality group that is not the fundamental group of a closed aspherical manifold. If we require that nl(X) r, so that X is aspherical, then Theorem 6.10 states that (X, L) must be a Poincar6 pair and that L must be a homology manifold. So, essentially,L is a manifold. But the problem of finding such a pair (X, L) that is not homotopy equivalent rel L to a compact manifold with boundary is just the relative version of the original problem. [Bell [Be2] [BB]
[B]
[Br]
